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Abstract

In this paper, the all-possible solutions of the Exponential Diophantine
equation 3* + (34 + B2) = z° with u < x, B as non-negative integers, also with
the condition that p is not divisible by 3 and x, y, z being non-negative
integers, are found. The above Exponential Diophantine equation takes the
solutions (u, B, 1,0,2), (0,1,0,3,3), (1,0,0,1,2), (u, B, logs(1 + 2(3+ + °)), 2,1
+3u+ BY), (u, B, logs (2B — 1+ 39), 1, B+ 39, (u, B, logs(3+(3 — 2B
— 1)), 1, 3*—L) for u and p taking values in such a way that log3(1 + 2(3+ +
B?), logs(3+2B — 1 + 3v), logs(3¥(3* — 2B — 1)) takes only all possible
integer values. Some of the examples are given for the possible values of u and
B. It is easily witnessed here that, the solutions for the equation with larger

values of u, 8 can be obtained by using these results.
Keywords:  Exponential Diophantine Equation (EDE), Integer solutions.

INTRODUCTION

The general Exponential Diophantine equation (EDE) a* + bY = z*> have been studied by a
number of researchers [6,13,14]. The EDE p* + q¥ = z* was studied by Rabago [7,9]
respectively in the years 2015 and 2013 by considering p, g as twin primes. In the year 2018,
Burshetein[10] gave all the possible solutions of the EDE p* + (p + 4)Y = z*, when p, p + 4
are primes and x +y = 2,3,4. Chochaisthit [12], gave the solutions of p* + (p + 1) = z> where
p is a Mersenne prime in the year 2013. Suvarnamani[1] in the year 2011 gave all possible
solutions of the EDE 2 + p¥ = z? for the prime numbers 2,3, 2" + 1. Sroysang[2] in the year
2013 proved that (0,1,2), (3,0,3), (2,4,5) are the solutions of the EDE 2% + 3y = z2. Asthana

and
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Singh[11] showed that the non-negative integer solutions of the EDE 3*+ 13y =
z> are (1,0,2), (1,1,4), (3,2,14), (5,1,6). Rabago[8] proved that 3* + 197 = z? and 3*+ 917 =
z*> will have the possible pair of solutions as {(4,1,10), (1,0,2)} and {(2,1,10), (1,0,2)}

respectively.In the year 2012, Sroysang[4,5] showed that the EDE 3x + 5y =z2 and 3x + 17y

= z2 have only (1,0,2) as the only possible integer solution.

In this paper, a general EDE 3* + (3» + B?) = z? is considered for obtaining the integer
solutions with the conditions that u < x and B being integers such that f is chosen as a non-
negative integer which is not divisible by 3. Examples are given by taking particular values to
u and S. It is seen that this method will be very useful for the researchers who involve a

higher base to the power y.

PRELIMINARIES
Lemma 1.1

The unique solution of the EDE 3x + 1 = z2, where x and z are non-negative integers,is (1,2).

Proof

In the given EDE, 3% + 1 = z% when x = 0, z> = 2 where 2 is not a perfect square. Similarly
ifz = 0, then 3* = —1 which is impossible to find x. So the EDE has no solution if x = 0 and z
= 0. The given EDE can be also written as z2 — 1 = 3x which can further be rewritten as (z +
I)z—1)=3*=2z—-1=3tand z+ 1 =3 * ¢ for some non-negative integer t < x. On solving
these equations, it is found that 3 *t — 3t =2 = 3(* 2t — 1) =2 = 3t =] = t = (. Hence 3* —

1 =2 = x =1 and hence z = 2. Thus the solution of 3* + 1 = z? is (1,2).

MAIN RESULT Theorem

The integer solutions of the Exponential Diophantine Equation(EDE)
3x+ (3u + B?) = Z2are

D) (u, g, 1,0,2),

2) (0,1,0,3,3),

3) (1,0,0,1,2),

4) (u, B, logs(1 +2(34+ §2)), 2,1 + (34 + %),

5) (u, B, logz:(34(2 — 1 +3v)), 1, f + 3v),

6) (u, B, logs(3*(3* — 2 — 1)), 1, 3%~ )
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for non-negative integers u < x and [ taking values in a such way that log3(1 + 2(3u +£2)),
log3QBu2f — 1 + 3uw)), log3(B3u(3u — 2 — 1)) takes only integer values and [ is not
divisible by 3..

Proof

Case a) It is assumed first that x = 0, in the EDE,3*+ (3¢ + %) = z? (1) Then (1) becomes 1 +
(3% + B?) = z%. This can be written in the form that (z — 1)(z + 1) = 3+ + B?). It is possible to
find a 0 < §6 < y such that (z — 1) = (3*+ %) and (z + 1) = (3% + $*)—568.0n subtracting these
two equations, it is seen that (3% + f2)8S[(3% + B2y 26— 1]=2. On adding (z— 1) and (z + 1),
it is clear that 2z = (3» + B?) + 3+ + ?)—66.

Subcase i) It is possible to equate (3 + %) =2 and (3% + B?) 266 — | = 1. This impliesu =0, B
=1,80=1,y=3and z= 3. So, one of the solutions to (1) is (0,1,0,3,3).

Subcase ii) It can also be possible that (3« + %) = 1 and (3« + %) 266~ ! = 2. By solving these

two equations the solution (1,0,0,1,2) is obtained.

Case b) If it is assumed that y = 0, in the EDE (1), it becomes 3* + 1 = z> and by Lemma 1.1,
the solution (u, 8, 1,0,2) is obtained.

Case ¢) Now let y take only even values. Then y = 2k is assumed for some positive integer k.
Then (1) becomes 3% + (3% + B2)* = z2. From this it is seen that (z — (3% + 2))(z + (3* + ?))
= 3%, It is possible to find an integer 0 < a < x such that (z — (3»+ %)) = 3@ and (z + (34 +
(%)) = 3x @ Hence 2(3% + ) = 3(3x—2a — 1). Thus from this it is obtained that & = 0 and so
3x—1=2(3“+p%).Since k> 1,the minimum value of 3*=1+23*+ % and so z=
1 + (3% + B?). Hence the solution becomes (u, 8, log*(1 + 2(3+ + 2)), 2,1 + 3+ BH))u, B
taking values such that log>(1 + 2(3% + £?)) is an integer.

Cased) Let y =20+ 1;1>0, is an integer. Let y take only odd values. It is also know that z =

0 or 1 (mod 4). Hence z takes only even values. So let z=2m for m > 0.

Hence (1) becomes 3* + (3u + 2" = 4m?. This can be reformatted as 3% + (3% +

£H2(3% + %) =4m?.  This implies 3* + 3(3% + p?)2! = 4m>—B*(3+ +%)2L. Hence 3* +

3| Page 1-7 © MANTECH PUBLICATIONS 2023. All Rights Reserved



MANIECH Journal of Engineering Mathematics & Statistics

Publications Volume 7, Issue 1, January-June 2023

334+ B2 = [2m—(3u + BHI2m+B(3¢ + )] As u < x 3(3¥ v+ (3¢ + 1)) = 2m—(3« +
BHN[2m+B(3%+ B?)1]- (2) Subcase i) It is possible that [2m—(3++ $?)I] = 3« and
[2me(3 + B =37+ 3+ B

On subtracting these two equations, it is obtained that
B+ BH[2B — B+ + B?)] = 3* » — 3uv and on addingdm = 3% v + 3u+(3u + $%)?L From the

former equation it is seen that [ = 0.

Hence2 f— 1 =3 u—3u=x=1og’[342B — 1 +3%)]and z = + 3.
Thus the solution to this case is (u, 8, log*>(3%(2B — 1 + 3¥)), 1, B + 3¥) where
u, f taking values such that log>(3¥(2f — 1 + 3%)) is an integer.

Subcase ii) It is also possible that [2m—(3v + p?)I] = 3x « + (3u+ ?)2land
[2m+(3v + B%) =3 .

On subtracting these two equations, it is obtained that
(v + BA[2B + (3« + B?)] = 3v — 3x « and on adding

4m = 3% v+ 3u+(3u + %)%, From the former equation it is seen that [ = 0.

Hence 2 + 1 =3v—3xu=x=1log’[3¥3*—2B — 1) and z =3+ — .
Thus the solution to this case is (u, 8, log>(34(3* — 2 — 1)), 1, 3v— B) where
u, B taking values such that log>(3¥(3% — 28 — 1)) is an integer.

Examples
In this section, some EDE are considered and solutions of those EDE with respect to the

theorem 2.1 are found.

Example 2.1.1
The solutions of the EDE 3% + 137 = z* can be discussed as 13 can be written as (32+22). So, it

is seen hat according to our EDE, u =2 and f = 2. So, the solutions are (1,0,2), (3,2,14).
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Example 2.1.2
The solutions of the EDE 3* + 4¥ = z2 can be discussed as 4 can be written as (3!'+12). So, it is

seen that according to our EDE, u =1 and f§ = 1. So, the solutions are (1,0,2), (2,2,5).

Example 2.1.3

The solutions of the EDE 3* + 364 = z2 can be discussed as 364 can be written as (3°+11?).
So, it is seen that according to our EDE, u = 5 and § = 11. So, the solutions are (1,0,2),
(6,2,365). 364 can also be wriiten as (3'+19%), for this u = 1 and 8 = 19. Applying this the
solutions to the EDE are (1,0,2), (6,2,365).

Example 2.1.4
The solutions to the EDE (1) when u =30 and f = 5 are (1,0,2),(60,1, 205891132094649).

Example 2.1.5
The solutions to the EDE (1) when u = 37 and f = 4 are (1,0,2),(74,1,
450283905890997000).

Example 2.1.6
The solutions to the EDE (1) when u = 40 and f = 7 are (1,0,2), (80,1,
12157665459056900000).

Example 2.1.7
The solutions to the EDE (1) when u =27 and f = 14 are (1,0,2).

Example 2.1.8
The solutions to the EDE (1) when u =31 and 8 =11 is (1,0,2),(62,1, 617673396283947).

Example 2.1.9
The solutions to the EDE (1) when u =34 and 8 = 34 is (1,0,2), (68,1, 16677181699666600)

Example 2.1.10
The solutions to the EDE (1) when u = 39 and B = 17 is (1,0,2),
(78,1,4052555153018980000).

5] Page 1-7 © MANTECH PUBLICATIONS 2023. All Rights Reserved



MA NI ECH Journal of Engineering Mathematics & Statistics

Publications Volume 7, Issue 1, January-June 2023

CONCLUSION

In this paper, it is proved that (u, 8, 1,0,2), (0,1,0,3,3), (1,0,0,1,2),(u, 8, log*(1 + 2(3% + B2)),
2,1+ 3+ B%), (u, B, log’?B¥2B — 1+ 3w), 1, B +3¥), (u, B, log*(3*(3+ -2 — 1)), 1, 3u —
f3) are the solutions of the EDE, 3% + (3 + %)y = Z°.

Provided log3(1 + 2(3% + 82)), log*(3* (2B — 1 + 3v)), log*(3* (3% — 28 — 1)) are integers. It
was considered that u < x and 8 are non-negative integers with the fact that £ is not divisible
by 3. Also, the particular solutions of the EDE were brought forward in the examples by
giving different values of u and f in all possible cases. It was found that this theorem 2.1 is
very useful for higher values of u and f in the EDE 3* + (3% + %) = z%. Hence this theorem
will be very useful for the researchers to find solutions to the EDE of this form with the

higher base of y.
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