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Abstract 

Spatial and spatiotemporal statistics have become essential tools for analyzing 

data that exhibit dependence across space and time. Such data arise naturally 

in diverse fields including environmental science, epidemiology, urban 

planning, climate studies, agriculture, and public health. Unlike classical 

statistical methods that assume independence among observations, spatial and 

spatiotemporal models explicitly account for correlation structures induced by 

geographic proximity and temporal evolution. This paper presents a 

comprehensive review of the theoretical foundations, methodological 

developments, and practical applications of spatial and spatiotemporal 

statistics. Key topics discussed include spatial autocorrelation, variogram 

modeling, geostatistical methods, lattice-based models, point process analysis, 

and spatiotemporal extensions. Modern computational techniques and 

challenges related to large-scale data are also examined. The paper aims to 

provide a unified overview suitable for researchers and practitioners from 

engineering mathematics, statistics, and applied sciences. 
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INTRODUCTION 

The rapid growth of data collected over geographical regions and across time has motivated 

extensive development in spatial and spatiotemporal statistics. Traditional statistical 
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approaches often rely on the assumption that observations are independent and identically 

distributed. However, in many real-world situations this assumption is violated because 

observations located near each other in space or time tend to be more similar than those farther 

apart. This phenomenon, commonly referred to as spatial or temporal dependence, requires 

specialized statistical tools for proper analysis. 

 

Spatial statistics deals with data indexed by location, such as latitude and longitude coordinates, 

while spatiotemporal statistics extends this framework to include temporal evolution. 

Examples include air pollution levels measured across monitoring stations over several years, 

disease incidence rates across districts and months, and temperature patterns observed across a 

region over time. Ignoring spatial and temporal dependence can lead to biased parameter 

estimates, underestimated uncertainties, and misleading conclusions. 

 

The objective of this paper is to review major concepts, models, and methods in spatial and 

spatiotemporal statistics. Both classical and modern approaches are discussed, with emphasis 

on interpretability and practical relevance. While the mathematical foundations are rigorous, 

the focus is kept on conceptual understanding and applications rather than heavy theoretical 

proofs. 

 

TYPES OF SPATIAL DATA 

Spatial data can be broadly classified based on how the spatial domain is represented. 

Understanding these data types is crucial for selecting appropriate statistical models. 

 

Geostatistical Data (Continuous Spatial Data) 

Geostatistical data arise when measurements are taken at specific locations within a continuous 

spatial region. Examples include soil nutrient concentration, rainfall levels, and groundwater 

contamination measurements. The spatial domain is continuous, and interest often lies in 

predicting values at unobserved locations using interpolation techniques such as kriging. 

 

Lattice or Areal Data 

Lattice data are associated with discrete spatial units, such as districts, states, or grid cells. Each 

unit represents an area rather than a precise point location. Typical examples include census 
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data, disease counts by region, and voting patterns. Spatial dependence is modeled using 

neighborhood structures that define which regions are considered adjacent. 

 

Spatial Point Pattern Data 

Spatial point pattern data consist of locations of events occurring in space. Examples include 

locations of crime incidents, trees in a forest, or disease cases. The primary objective is to 

analyze the spatial arrangement of points to detect clustering, regularity, or randomness. 

 

FUNDAMENTAL CONCEPTS IN SPATIAL STATISTICS 

Spatial statistics is built upon a set of fundamental concepts that distinguish it from classical 

statistical analysis. These concepts are primarily concerned with understanding and modeling 

dependence structures that arise due to spatial proximity. This section elaborates on the key 

ideas of spatial autocorrelation, stationarity and isotropy, and spatial covariance with 

variograms. 

 

Spatial Autocorrelation 

Spatial autocorrelation refers to the degree of association between values of a variable and the 

spatial locations at which those values are observed. In contrast to traditional correlation, which 

measures association between different variables, spatial autocorrelation measures similarity 

among observations of the same variable across space. The underlying principle is often 

summarized by Tobler’s first law of geography, which states that “everything is related to 

everything else, but near things are more related than distant things.” 

 

Positive spatial autocorrelation occurs when nearby spatial units exhibit similar values, 

resulting in clusters of high or low observations. For example, regions with high levels of air 

pollution are often surrounded by other regions with similarly high pollution levels. Negative 

spatial autocorrelation, on the other hand, arises when neighboring locations tend to have 

dissimilar values, which may indicate competitive or repulsive spatial processes. In practice, 

negative spatial autocorrelation is less common but can be observed in certain ecological or 

economic settings. 

 

Several statistical measures have been developed to quantify spatial autocorrelation. Moran’s 

I is one of the most widely used global indicators. It is defined as a weighted correlation 
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coefficient that incorporates a spatial weights matrix representing the neighborhood structure 

among locations. Values of Moran’s I typically range from −1 to +1, where positive values 

indicate clustering, negative values suggest dispersion, and values near zero imply spatial 

randomness. Statistical significance is often assessed using permutation-based tests. 

 

Geary’s C is another important measure of spatial autocorrelation and is more sensitive to local 

variations than Moran’s I. While Moran’s I emphasizes overall spatial patterns, Geary’s C 

focuses on differences between neighboring observations. Values of Geary’s C less than one 

indicate positive spatial autocorrelation, whereas values greater than one indicate negative 

spatial autocorrelation. Both statistics are complementary and are frequently used together to 

gain a more complete understanding of spatial dependence. 

 

Stationarity and Isotropy 

Stationarity and isotropy are key assumptions in many spatial statistical models, particularly in 

geostatistics. Stationarity refers to the idea that the statistical properties of a spatial process 

remain constant across the study region. In its simplest form, known as second-order 

stationarity, the mean of the process is assumed to be constant, and the covariance between two 

observations depends only on the distance and relative position between them, not on their 

absolute locations. 

 

Isotropy is a stronger assumption that implies spatial dependence is directionally uniform. 

Under isotropy, the covariance or correlation between two locations depends solely on the 

distance separating them and not on the direction. This assumption simplifies modeling and 

interpretation, as spatial relationships can be described using a single distance-based function. 

 

In real-world applications, these assumptions are often violated. Environmental processes such 

as temperature, rainfall, or soil properties frequently exhibit non-stationary behavior due to 

underlying trends, topography, or human activities. Similarly, anisotropy may occur when 

spatial dependence varies with direction, such as wind-driven pollution or geological 

formations. When stationarity or isotropy assumptions do not hold, models may produce biased 

estimates and misleading predictions. 

 



 
 
 

20 Page 16-26 © MANTECH PUBLICATIONS 2020. All Rights Reserved 

 

Journal of Engineering Mathematics & Statistics 

Volume 4, Issue 1, January-June 2020 
 

 

  

 

To address these issues, researchers often apply data transformations, detrending techniques, 

or adopt non-stationary and anisotropic models. While these approaches increase model 

complexity, they provide a more realistic representation of spatial processes, particularly over 

large or heterogeneous regions. 

 

Spatial Covariance and Variograms 

The spatial covariance function plays a central role in characterizing dependence among spatial 

observations. It describes how the covariance between observations decreases as the distance 

between their locations increases. Typically, observations that are closer together tend to be 

more similar, resulting in higher covariance values, while distant observations exhibit weaker 

dependence. 

 

Closely related to the covariance function is the variogram, which is one of the most important 

tools in geostatistics. The variogram measures the average squared difference between 

observations as a function of the distance separating them. Unlike covariance, the variogram 

increases with distance, reflecting growing dissimilarity between observations. 

 

A typical variogram is characterized by three key parameters. The nugget represents variability 

at very small distances and may arise from measurement error or microscale variation. The sill 

corresponds to the plateau reached by the variogram, indicating the overall variance of the 

spatial process. The range is the distance at which the variogram levels off, beyond which 

observations are effectively uncorrelated. 

 

Empirical variograms are estimated from data and then fitted with theoretical models such as 

spherical, exponential, or Matérn variograms. The choice of variogram model has a direct 

impact on spatial prediction methods like kriging. A poorly fitted variogram can lead to 

inaccurate predictions and unreliable uncertainty estimates. Therefore, careful variogram 

analysis is a critical step in spatial statistical modeling. 

 

GEOSTATISTICAL MODELS 

Geostatistical models are designed to analyze and predict spatially continuous phenomena by 

treating observations as realizations of an underlying stochastic process defined over a spatial 

domain. These models are rooted in random field theory and are particularly well suited for 
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environmental, geological, and engineering applications where measurements are collected at 

irregularly spaced locations. The primary goal of geostatistics is not only to understand spatial 

dependence but also to provide reliable predictions at unobserved locations along with 

measures of uncertainty. 

 

In a geostatistical framework, a spatial process is typically decomposed into a deterministic 

component, representing large-scale variation or trend, and a stochastic component that 

captures local spatial dependence. This separation allows flexibility in modeling both global 

patterns and local fluctuations present in spatial data. 

 

Gaussian Random Fields 

Gaussian random fields (GRFs) form the backbone of classical geostatistical modeling due to 

their mathematical simplicity and well-understood properties. A GRF assumes that any finite 

collection of spatial observations follows a multivariate normal distribution. As a result, the 

entire spatial process can be fully described by a mean function and a covariance function. 

 

The mean function often represents large-scale spatial trends and may be assumed constant or 

modeled as a function of spatial coordinates or covariates. In many practical applications, a 

constant mean assumption is adopted for simplicity, particularly when the spatial domain is 

relatively homogeneous. However, when systematic trends exist, more complex mean 

structures are required. 

 

The covariance function defines the strength and structure of spatial dependence. It specifies 

how correlation between observations decreases as the distance between locations increases. 

Several parametric covariance models are commonly used in geostatistics. The exponential 

covariance model assumes a rapid decay of correlation with distance and is suitable for rough 

spatial surfaces. The spherical model allows correlation to become exactly zero beyond a 

certain distance, known as the range, which can be useful in applications where spatial 

influence is clearly bounded. The Matérn covariance family is particularly flexible, as it 

includes a smoothness parameter that controls the differentiability of the spatial process. This 

flexibility makes the Matérn model widely popular in modern spatial analysis. 
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Despite their advantages, GRFs also have limitations. The assumption of Gaussianity may not 

be appropriate for all types of spatial data, especially when observations are skewed or 

bounded. In such cases, transformations or alternative non-Gaussian random field models are 

often considered. Additionally, computational challenges arise when dealing with large 

datasets due to the need to invert large covariance matrices. 

 

Kriging Methods 

Kriging is a fundamental prediction technique in geostatistics that exploits the spatial 

dependence structure captured by the covariance or variogram model. It provides best linear 

unbiased predictions (BLUPs) of the spatial process at unobserved locations by forming 

weighted linear combinations of observed data. The weights are chosen to minimize prediction 

variance while maintaining unbiasedness. 

 

One of the most commonly used variants is ordinary kriging, which assumes an unknown but 

constant mean across the spatial domain. This method is widely applied due to its simplicity 

and robustness. Universal kriging extends this framework by allowing the mean to vary as a 

function of known covariates or spatial coordinates, making it suitable for data exhibiting 

spatial trends. Co-kriging further generalizes the approach by incorporating additional 

correlated variables, which can significantly improve prediction accuracy when auxiliary 

information is available. 

 

An important strength of kriging is its ability to quantify uncertainty. Along with point 

predictions, kriging provides the kriging variance, which measures the uncertainty associated 

with each prediction. This feature is particularly valuable in risk assessment and decision-

making, as it highlights regions where predictions are less reliable due to sparse data or high 

variability. 

 

However, the performance of kriging heavily depends on the accurate specification of the 

variogram or covariance model. Poor variogram fitting can lead to biased predictions and 

misleading uncertainty estimates. Moreover, kriging can be computationally demanding for 

large datasets, motivating the development of approximate kriging methods and scalable 

algorithms in recent years. 
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Table 1: Common Kriging Methods and Their Characteristics 

Method Mean Structure Typical Use 

Ordinary Kriging Constant unknown mean General interpolation 

Universal Kriging Mean as function of covariates Presence of trend 

Co-kriging Multiple correlated variables Multivariate spatial data 

 

MODELS FOR AREAL (LATTICE) DATA 

Spatial models for areal data often rely on conditional autoregressive (CAR) or simultaneous 

autoregressive (SAR) structures. 

 

Conditional Autoregressive Models 

CAR models specify the conditional distribution of a region given its neighbors. These models 

are widely used in disease mapping and ecological studies. They allow smoothing of noisy 

observations by borrowing strength from neighboring regions. 

 

Simultaneous Autoregressive Models 

SAR models define spatial dependence through a simultaneous equation system. These models 

are commonly used in spatial econometrics and regional science. Interpretation of parameters 

can be challenging due to feedback effects across regions. 

 

SPATIAL POINT PROCESS MODELS 

Spatial point processes are used to model the occurrence of events in space. 

 

Poisson Point Processes 

The homogeneous Poisson process assumes complete spatial randomness. While simple, it 

rarely fits real data well. Inhomogeneous Poisson processes allow the intensity to vary across 

space, often as a function of covariates. 

 

Cluster and Inhibition Models 

Cluster processes, such as the Thomas process, model aggregation of points, while inhibition 

models, such as the Strauss process, capture regular spacing. These models are useful in 

ecology and epidemiology. 
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SPATIOTEMPORAL STATISTICS 

Spatiotemporal statistics extends spatial models by incorporating time as an additional 

dimension. 

 

Spatiotemporal Dependence Structures 

Spatiotemporal covariance functions describe dependence across both space and time. These 

can be separable, assuming independent spatial and temporal components, or non-separable, 

allowing interaction between space and time. 

 

Dynamic Spatiotemporal Models 

Dynamic models, such as state-space and hierarchical Bayesian models, are used to capture 

temporal evolution. These models are particularly useful for forecasting environmental 

processes and disease spread. 

 

 

Figure 1: Conceptual Representation of Spatiotemporal Dependence 

 

COMPUTATIONAL METHODS AND CHALLENGES 

Spatial and spatiotemporal models are often computationally intensive due to large covariance 

matrices. 
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Approximation Techniques 

Methods such as covariance tapering, low-rank approximations, and Gaussian Markov random 

fields are used to reduce computational burden. These approaches trade off some accuracy for 

scalability. 

 

Bayesian Computation 

Bayesian spatial models are typically fitted using Markov Chain Monte Carlo (MCMC) or 

integrated nested Laplace approximation (INLA). While flexible, these methods require careful 

convergence diagnostics. 

 

APPLICATIONS 

Spatial and spatiotemporal statistics have wide-ranging applications. 

Environmental and Climate Studies 

These methods are extensively used in modeling air quality, rainfall patterns, and climate 

change indicators. Spatiotemporal models help in understanding long-term trends and extreme 

events. 

 

Epidemiology and Public Health 

Disease mapping and outbreak detection rely heavily on spatial and spatiotemporal models. 

These techniques support public health decision-making by identifying high-risk regions. 

 

Urban and Regional Planning 

Spatial regression and point process models assist in analyzing crime patterns, traffic 

congestion, and infrastructure development. 

 

FUTURE DIRECTIONS 

The increasing availability of high-resolution data from satellites, sensors, and mobile devices 

presents new opportunities and challenges. Future research is expected to focus on scalable 

algorithms, integration of machine learning with spatial models, and handling non-stationary 

and multivariate spatiotemporal processes. 
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CONCLUSION 

Spatial and spatiotemporal statistics provide a powerful framework for analyzing data with 

complex dependence structures. By explicitly accounting for spatial and temporal correlations, 

these methods yield more reliable inference and predictions compared to classical approaches. 

This paper has reviewed key concepts, models, and applications, highlighting both strengths 

and limitations. Despite significant advances, challenges remain in computation, model 

selection, and interpretation, particularly for large-scale and non-stationary data. Continued 

interdisciplinary research will further enhance the impact of spatial and spatiotemporal 

statistics across scientific and engineering domains. 
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