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Abstract
Stochastic Differential Equations (SDEs) play a central role in the
mathematical modeling of systems influenced by randomness. Unlike ordinary
differential equations, SDEs incorporate stochastic processes, typically in the
form of Brownian motion, to represent uncertain or noisy dynamics. Such
equations arise naturally in physics, finance, biology, engineering, and climate
science, where real-world phenomena are rarely deterministic. This paper
presents a comprehensive review of the theoretical foundations of SDEs,
including stochastic calculus, It6 and Stratonovich formulations, and existence
and uniqueness results. Numerical methods for solving SDEs, such as the
Euler—Maruyama and Milstein schemes, are discussed with emphasis on
stability and convergence. Applications of SDEs across different disciplines are
also reviewed to highlight their practical importance. Although the
mathematical framework of SDEs is well established, many challenges remain
in efficient computation and interpretation of stochastic models. The paper aims
to provide a clear and structured overview suitable for postgraduate students

and early-stage researchers.
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INTRODUCTION
Many physical, biological, and economic systems are subject to uncertainty arising from

environmental fluctuations, measurement errors, or incomplete knowledge of governing
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mechanisms. Classical deterministic models, often expressed through ordinary or partial
differential equations, are not always sufficient to capture such randomness. This limitation
motivated the development of stochastic models, among which Stochastic Differential

Equations (SDEs) are particularly important.

An SDE extends a deterministic differential equation by adding a stochastic term, usually
driven by Brownian motion or more general noise processes. The inclusion of randomness
allows the model to represent random perturbations in a mathematically rigorous way. Over
the past few decades, SDEs have become a standard tool in quantitative finance, population

dynamics, chemical kinetics, and signal processing.

Despite their wide use, SDEs are mathematically more complex than deterministic equations.
Solutions are defined in a probabilistic sense, and classical calculus rules no longer apply
directly. Special techniques, such as Ito calculus, are required to analyze and solve these
equations. The objective of this paper is to review the main concepts, methods, and applications
of SDEs in a unified manner. The presentation is intentionally descriptive, with limited formal

proofs, so that readers from applied backgrounds can also benefit.

PRELIMINARIES AND MATHEMATICAL BACKGROUND

Random Variables and Stochastic Processes

A stochastic process is a family of random variables indexed by time. Common examples
include Poisson processes, Markov chains, and Brownian motion. In the context of SDEs,
continuous-time stochastic processes are of primary interest. Among these, Brownian motion

plays a fundamental role.

Brownian motion, also known as Wiener process, is a continuous-time stochastic process with
independent and stationary increments. It starts at zero, has continuous paths, and normally
distributed increments with zero mean. These properties make Brownian motion suitable for

modeling random fluctuations in time.

Brownian Motion and Its Properties
Let W(t)W(t)W(t) denote a standard Brownian motion. For any time interval [s,t][s, t][s,t], the

increment W(t)—W(s)W(t) - W(s)W(t)—W(s) follows a normal distribution with mean zero and
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variance t—st - st—s. Almost all sample paths of Brownian motion are continuous but nowhere
differentiable. This lack of differentiability is one of the main reasons why classical calculus

fails in stochastic settings.

The quadratic variation of Brownian motion over an interval [0,T][0, T][0,T] equals TTT,
which is a key concept in stochastic calculus. It distinguishes Brownian motion from smooth

deterministic functions and leads to modified chain rules in [t6 calculus.

FORMULATION OF STOCHASTIC DIFFERENTIAL EQUATIONS

Stochastic Differential Equations (SDEs) provide a mathematical framework for modeling
systems whose evolution is influenced by both deterministic laws and random effects. In many
real-life situations, uncertainty cannot be ignored and must be incorporated directly into the
governing equations. SDEs achieve this by combining classical differential equations with

stochastic processes, most commonly Brownian motion.

The formulation of an SDE requires careful interpretation, since the presence of randomness
changes the meaning of differentiation and integration. This section introduces the general
structure of SDEs and discusses the two most widely used interpretations, namely It6 and

Stratonovich.

General Form of an SDE

A typical one-dimensional stochastic differential equation is written as

dX(t)=a(X(t),t) dt+b(X(t),t) dW(t),dX(t) = a(X(t), t)\,dt + b(X(t),
t\,dW(t),dX(t)=a(X(t),t)dt+b(X(t),t)dW(t),

where X(t)X(t)X(t) is the unknown stochastic process, W(t)W(t)W(t) denotes standard
Brownian motion, a(X(t),t)a(X(t), t)a(X(t),t) is known as the drift coefficient, and
b(X(1),t)b(X(t), t)b(X(t),t)

is called the diffusion coefficient.

The drift term a(X(t),t) dta(X(t), t)\,dta(X(t),t)dt represents the deterministic component of the
system. It describes the average or expected rate of change of the process over time. In many

applications, the drift term reflects systematic trends such as growth, decay, or external forcing.
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For example, in population models it may represent natural growth, while in finance it often

corresponds to the expected return of an asset.

The diffusion term b(X(t),t) dW(t)b(X(t), t)\,dW(t)b(X(t),t)dW(t) captures the random
fluctuations affecting the system. These fluctuations may arise from environmental variability,
measurement noise, or unresolved microscopic effects. The diffusion coefficient determines
the intensity of randomness and may depend on both the current state of the system and time.
If b(X(1),H)b(X(t), t)b(X(t),t) is large, the system exhibits stronger randomness and more
irregular trajectories.

Unlike ordinary differential equations, SDEs cannot be interpreted pointwise because
Brownian motion is nowhere differentiable. As a result, the differential dW(t)dW(t)dW(t) does
not exist in the classical sense. The equation must therefore be understood in an integral form,

typically written as

X(t)=X(0)+/0ta(X(s),s) ds+0tb(X(s),s) dW(s).X(t) = X(0) + \int_0°t a(X(s), s)\,ds + \int 0"t
b(X(s), s)\,dW(s).X(t)=X(0)+/0ta(X(s),s)ds-+0tb(X(s),s)dW(s).

The first integral is an ordinary Riemann integral, while the second is a stochastic integral
whose meaning depends on how it is defined. This leads to different interpretations of SDEs,

the most important being the 1t6 and Stratonovich interpretations.

Ito and Stratonovich Interpretations

The definition of the stochastic integral [b(X(t),t) dW(t)\int b(X(t), D\, dW(t)[b(X(t),H)dW(t) is
not unique. Different choices of approximation lead to different mathematical frameworks and,
in some cases, different solutions. Among these, the It6 and Stratonovich interpretations are

the most widely used.

In the It6 interpretation, the integrand b(X(t),t)b(X(t), t)b(X(t),t) is evaluated at the beginning
of each small time interval. This choice results in strong mathematical properties, particularly
the martingale property of stochastic integrals. [t6 calculus is well suited for rigorous analysis
and is widely used in probability theory and financial mathematics. However, a key
consequence of the Itd interpretation is that the classical chain rule no longer holds. Instead, it
is replaced by It6’s formula, which contains an additional second-order term arising from the

quadratic variation of Brownian motion.
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In contrast, the Stratonovich interpretation evaluates the integrand at the midpoint of each
time interval. This approach preserves the classical chain rule, making it more intuitive for
researchers with a background in physics or engineering. Many physical systems subject to
noise are naturally described using the Stratonovich formulation, especially when the noise is

viewed as a limit of smooth random processes.

Although the It6 and Stratonovich equations may look similar in form, they generally lead to
different solutions. However, it is often possible to convert one form into the other by
modifying the drift term appropriately. This conversion is important when comparing models

across different disciplines.

In practice, the choice between 1t6 and Stratonovich interpretations depends on the modeling
context. Financial applications almost exclusively use It0 calculus, while physical and
biological models may prefer the Stratonovich approach. Understanding the distinction
between these interpretations is essential for correctly formulating and analyzing stochastic

differential equations.

ITO CALCULUS

Itd calculus forms the mathematical foundation for the analysis of stochastic differential
equations. Since Brownian motion is nowhere differentiable, classical calculus cannot be
applied directly to stochastic processes. It0 calculus overcomes this difficulty by redefining
integration and differentiation in a probabilistic sense. This framework allows one to rigorously
interpret SDEs, study their properties, and derive useful analytical results.

The two central components of It6 calculus are the 1t integral and It6’s formula. Together,

they play a role similar to ordinary integration and the chain rule in deterministic calculus.

It6 Integral

The It6 integral provides a precise meaning to integrals of the form

J0tb(X(s),s) dW(s),\int_0~t b(X(s), s)\, dW(s),J0tb(X(s),s)dW(s),

where W(s)W(s)W(s) is Brownian motion and b(X(s),s)b(X(s), s)b(X(s),s) is a stochastic
process adapted to the underlying filtration. The integral is defined as the limit of finite sums

of the form
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Ti=0n—1b(X(ti),ti) [W(ti+1)-W(ti)],\sum_{i=0} {n-1}  bX(t i), t D)\[W(t {i+1}) -
W(t_i)],i=03n—Ib(X(t).t)[W(ti+1)-W(ti)],

where the integrand is evaluated at the left endpoint of each time subinterval. This choice
distinguishes the It6 integral from other types of stochastic integrals.

Unlike deterministic integrals, the Itd integral is itself a random variable. Under suitable
regularity conditions on the integrand, its expected value is zero, which reflects the fact that
Brownian motion has zero mean increments. However, the variance of the It6 integral is

generally non-zero and depends on the square of the integrand, rather than the integrand itself.

A fundamental result associated with the It6 integral is the It6 isometry, which states that
E[(Jotb(s) dW(s))2]=E[J0tb2(s) ds].\mathbb {E}\left[\left(\int_0"t b(s)\, dW(s)\right)*2\right] =
\mathbb{E}\left[\int_0"t b*2(s)\, ds\right]. E[([0tb(s)dW(s))2]=E[J0tb2(s)ds].

This property plays a crucial role in stochastic analysis. It allows one to estimate the size of
stochastic integrals and is heavily used in proofs of existence and uniqueness of solutions to
stochastic differential equations. The Itd isometry also highlights an important difference from
classical calculus, where such a simple relationship between integrals and their squares does

not exist.

Ito’s Formula

1t6’s formula is the stochastic counterpart of the chain rule from ordinary calculus. It describes
how a smooth function of a stochastic process evolves over time. Suppose X(t)X(t)X(t) satisfies
an SDE and f(x,t)f(x, t)f(x,t) is a function that is twice continuously differentiable with respect
to xxx and once differentiable with respect to ttt. Then [t6’s formula expresses the differential

of f(X(t),H)f(X(t), t)f(X(t),t) as a combination of deterministic and stochastic terms.

In contrast to the classical chain rule, It6’s formula contains an additional second-order term
involving the diffusion coefficient. This extra term arises due to the non-zero quadratic
variation of Brownian motion. While the increments of Brownian motion are small, their

squared increments accumulate in a non-negligible way, which must be taken into account.

The presence of this second-order term is a defining feature of stochastic calculus and has no

analogue in deterministic settings. It plays a significant role in applications, particularly in
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financial mathematics, where [t6’s formula is used to derive pricing equations for derivative

securities.

Overall, It6 calculus provides a consistent and powerful framework for handling stochastic
systems. By redefining integration and differentiation in the presence of randomness, it enables
the rigorous study of stochastic differential equations and forms the backbone of modern

stochastic modeling.

EXISTENCE AND UNIQUENESS OF SOLUTIONS

One of the most important theoretical questions in the study of stochastic differential equations
is whether a given equation admits a solution, and if so, whether that solution is unique. Unlike
ordinary differential equations, where classical results often apply directly, the presence of
randomness in SDEs introduces additional mathematical challenges. Establishing existence
and uniqueness ensures that the model is mathematically well-defined and that its predictions

are meaningful and consistent.

In general, the existence of a solution means that there is at least one stochastic process that
satisfies the given SDE almost surely, while uniqueness implies that no other process with the
same initial condition can satisfy the equation. Without uniqueness, a model may produce

multiple possible outcomes, making interpretation and prediction difficult.

A standard form of a stochastic differential equation is

dX(t)=a(X(t),t) dt+b(X(t),t) dW(t),dX(t) = a(X(t), t)\,dt + b(X(t),
t\,dW(t),dX(t)=a(X(t),t)dt+b(X(t),t)dW(t),

where a(X(t),t)a(X(t), t)a(X(t),t) and b(X(t),t)b(X(t), t)b(X(t),t) represent the drift and diffusion
coefficients, respectively. To guarantee existence and uniqueness of solutions, certain

regularity conditions are imposed on these coefficients.

One of the most commonly used assumptions is Lipschitz continuity. The drift and diffusion
functions are said to satisfy a Lipschitz condition if there exists a constant L>0L > OL>0 such
that

la(x1,t)—a(x2,t)|+Ib(x1,t)—b(x2,t)I<LIx1-x2lja(x_1,t)-a(x 2, t)|+ [b(x_1,t)-b(x 2, t)|\leq L

Ix 1-x 2|la(x1,t)—a(x2,t)|+Ib(x1,t)-b(x2,t)I<L|x1—x2|
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for all x1,x2x 1, x_2x1,x2 and all ttt in the time interval under consideration. This condition
restricts how rapidly the coefficients can change and prevents solutions from diverging too

quickly.

In addition to Lipschitz continuity, a linear growth condition is usually required. This
condition ensures that the drift and diffusion coefficients do not grow faster than linearly with
respect to the state variable. Mathematically, it can be expressed as
la(x,t)12+1b(x,t)12<C(1+1x]2),la(x, t)["2 + |b(x, t)["2 \leq C(1 +
1x|*2),la(x,t)12+]b(x,t)12<C(1+1x]2),

for some positive constant CCC. The linear growth condition guarantees that the moments of
the solution remain finite, which is essential for both theoretical analysis and numerical

approximation.

Under these assumptions, classical results in stochastic analysis ensure the existence of a
unique strong solution to the SDE. The proofs of these results typically rely on fixed-point
arguments, such as Picard iteration, combined with moment estimates and the [t6 isometry. By
constructing a sequence of approximate solutions and showing that it converges, one can

demonstrate both existence and uniqueness.

Although these conditions may appear restrictive, they are satisfied by many models used in
practice, including those in finance, biology, and physics. However, in some important
applications, the coefficients may fail to meet the Lipschitz or linear growth conditions. In such
cases, solutions may still exist, but uniqueness may not be guaranteed, or the solution may only

exist in a weaker sense.

When standard conditions are violated, more advanced techniques are required. These include
the use of weak solutions, localization methods, and comparison principles. Such approaches
extend the applicability of SDE theory to a broader class of models but often involve more

complex mathematical tools.

Overall, existence and uniqueness results form the theoretical backbone of stochastic
differential equations. They ensure that stochastic models are not only mathematically sound

but also reliable for practical applications and numerical simulations.
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NUMERICAL METHODS FOR STOCHASTIC DIFFERENTIAL EQUATIONS

In contrast to ordinary differential equations, stochastic differential equations rarely admit
closed-form analytical solutions. Exact solutions are known only for a limited class of SDEs,
such as linear equations or those with very specific drift and diffusion structures. For most
practical problems arising in finance, engineering, biology, and physics, analytical approaches
are not feasible. As a result, numerical simulation becomes an essential tool for understanding

the behavior of stochastic systems.

Numerical methods for SDEs aim to approximate sample paths of the stochastic process over
discrete time steps. However, designing numerical schemes for SDEs is more challenging than
for deterministic equations because the solution paths are highly irregular and influenced by
random noise. Issues such as convergence, stability, and computational cost must be carefully

considered.

Euler—Maruyama Method

The Euler—Maruyama method is the most basic and widely used numerical scheme for solving
stochastic differential equations. It can be viewed as a direct extension of the classical Euler
method for ordinary differential equations, with the addition of a stochastic term to account for

Brownian motion.

Consider the SDE

dX(t)=a(X(t),t) dt+b(X(t),t) dW(t).dX(t) = a(X(t), t)\,dt + b(X(t),
t\,dW(t).dX(t)=a(X(t),t)dt+b(X(t),t)dW(t).

Dividing the time interval into small steps of size At\Delta tAt, the Euler—Maruyama
approximation is given by

Xn+1=Xn+a(Xn,tn)At+b(Xn,tn)AWn,X_{n+1} = X n + a(X n, t n)\Delta t + b(X n,
t n)\Delta W_n,Xn+1=Xn+a(Xn,tn)At+b(Xn,tn)AWn,

where AWn=W(tn+1)-W(tn)\Delta W n = W(t {n+1}) - W(t n)AWn=W(tn+1)—W(tn)
represents the increment of Brownian motion, which is normally distributed with mean zero

and variance At\Delta tAt.

The main advantage of the Euler—Maruyama method is its simplicity. It is easy to implement

and requires minimal computational effort, making it suitable for preliminary simulations and
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educational purposes. However, the method has relatively low accuracy, with strong
convergence order equal to 0.5. This means that a very small time step is required to obtain

reliable approximations, which can increase computational cost.

Another limitation of the Euler—Maruyama method is its stability. For certain SDEs, especially
those with stiff drift terms or strong noise, the method may produce unstable or unrealistic
trajectories. Despite these drawbacks, Euler—Maruyama remains a popular choice due to its

straightforward structure and ease of use.

Milstein Method

The Milstein method is an improvement over the Euler—Maruyama scheme and provides higher
accuracy by incorporating additional information about the diffusion term. Specifically, it
includes a correction term involving the derivative of the diffusion coefficient with respect to

the state variable.

For the same SDE, the Milstein approximation is written as

Xn+1=Xn+a(Xn,tn)At+b(Xn,tn) AWn+12b(Xn,tn)b'(Xn,tn)[(AWn)2—At].X {n+1} = X n +
a(X_n,t n)\Deltat+b(X n,t n)\Delta W_n+\frac{1} {2} b(X n,t n)b"(X_n,t n)\left[(\Delta
W n)*2 - \Delta t\right].Xn+1=Xn+a(Xn,tn)At+b(Xn,tn)AWn+21b(Xn,tn)b'(Xn,tn)[(AWn
)2—At].

The inclusion of the extra term significantly improves the strong convergence order to 1.0
under suitable smoothness assumptions. This means that the Milstein method generally

produces more accurate sample paths than Euler—Maruyama for the same time step size.

However, this increased accuracy comes at a cost. The Milstein method requires computation
of the derivative of the diffusion coefficient, which may not be straightforward for complex
models. Additionally, the computational effort is higher, especially in multi-dimensional SDEs

where multiple stochastic integrals may be involved.

Despite these challenges, the Milstein method is widely used in applications where higher
accuracy is required, such as quantitative finance and precision modeling in physical systems.
In summary, numerical methods play a vital role in the study of stochastic differential

equations. While simple schemes like Euler-Maruyama are useful for basic simulations, more
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advanced methods such as Milstein provide better accuracy and reliability. The choice of
numerical method depends on the nature of the problem, desired accuracy, and available

computational resources.

Table 1: Comparison of Common Numerical Methods for SDEs

Strong Computational
Method Remarks
Order Cost
Euler-Maruyama 0.5 Low Simple but less accurate
Milstein 1.0 Moderate Better accuracy
Runge—Kutta Used for specialized
. >1.0 High
(stochastic) problems

APPLICATIONS OF STOCHASTIC DIFFERENTIAL EQUATIONS

Finance

In financial mathematics, SDEs are widely used to model asset prices, interest rates, and
volatility. The famous Black—Scholes model represents stock prices as geometric Brownian
motion. Despite its simplifying assumptions, it laid the foundation for modern option pricing

theory.

Physics and Engineering

SDEs appear in statistical mechanics, fluid dynamics, and control theory. Langevin equations,
which describe the motion of particles under random forces, are classical examples of SDEs in
physics. In engineering, SDEs are used to model noise in communication systems and control

Processes.

Biology and Ecology

In biological systems, randomness arises from environmental variability and intrinsic noise at
the cellular level. SDEs are used to model population growth, epidemic spread, and gene
regulation. These models often provide more realistic predictions than purely deterministic

ones.
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8. CHALLENGES AND FUTURE DIRECTIONS

Although SDEs are well established, several challenges remain. High-dimensional systems are
computationally expensive to simulate, and parameter estimation from noisy data is often
difficult. Moreover, the interpretation of stochastic terms in real-world models is not always

straightforward.

Recent research focuses on efficient numerical algorithms, data-driven identification of
stochastic models, and hybrid approaches combining deterministic and stochastic descriptions.
The growing availability of computational power and data is expected to further expand the

applicability of SDEs.

CONCLUSION

Stochastic Differential Equations provide a powerful framework for modeling systems
influenced by randomness. By extending classical differential equations with stochastic terms,
SDEs capture essential features of real-world phenomena that deterministic models fail to
describe. This paper reviewed the basic theory of SDEs, including stochastic calculus, solution
concepts, and numerical methods. Applications in finance, physics, and biology demonstrate

the versatility of this approach.

While the mathematical foundations of SDEs are well developed, practical challenges such as
efficient simulation and parameter estimation continue to motivate ongoing research. Overall,

SDEs remain an indispensable tool in modern applied mathematics and scientific computing.
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