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Abstract
Computational geometry is a fundamental area of theoretical computer science and
applied mathematics that deals with the design and analysis of algorithms for
solving geometric problems. These problems arise naturally in diverse fields such
as computer graphics, robotics, geographic information systems, computer-aided
design, wireless networks, and data analysis. Over the past few decades,
computational geometry has evolved from a mainly theoretical discipline into a
practical toolkit that supports modern computational systems. This paper presents
a comprehensive review of computational geometry, focusing on its core concepts,
classical and modern algorithms, data structures, and applications. Both exact and
approximate geometric computations are discussed, along with algorithmic
complexity issues. Some important problem classes such as convex hulls, nearest
neighbor search, range searching, and geometric optimization are reviewed in
detail. The paper also highlights recent trends and challenges in computational
geometry, including high-dimensional problems and integration with machine
learning. While the presentation is mostly survey-oriented, emphasis is given to
intuitive explanations and practical relevance, making the paper useful for

researchers and postgraduate students.
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1. INTRODUCTION

Computational geometry studies algorithms and data structures for processing geometric objects
such as points, line segments, polygons, and polyhedra. Unlike classical geometry, which is largely
concerned with proofs and constructions, computational geometry focuses on algorithmic
efficiency, correctness, and robustness. The field emerged strongly in the 1970s with the
development of computer graphics and computer-aided design systems, where efficient handling

of geometric data became essential.

Many real-world problems can be naturally modeled in geometric terms. For example, finding the
shortest path for a robot in an environment with obstacles can be seen as a geometric path planning
problem. Similarly, analyzing spatial data in geographic information systems involves geometric
queries on large datasets. The importance of computational geometry lies in its ability to transform

such problems into algorithmic frameworks that can be solved efficiently on computers.

Computational geometry can broadly be divided into two categories: combinatorial computational
geometry and numerical computational geometry. The former deals with discrete geometric
structures and their combinatorial properties, while the latter focuses on numerical issues such as

precision, rounding errors, and robustness. In practice, both aspects are closely connected.

This paper aims to provide a structured review of computational geometry. Section 2 introduces
basic geometric primitives and problem formulations. Section 3 discusses classical algorithms and
complexity results. Section 4 focuses on important geometric data structures. Section 5 presents
applications in different domains. Section 6 outlines current research trends and open challenges.

Finally, Section 7 concludes the paper.

2. FUNDAMENTAL CONCEPTS IN COMPUTATIONAL GEOMETRY

At the core of computational geometry lie geometric primitives, which form the basic building
blocks for all higher-level geometric algorithms. These primitives include points, vectors, lines,
line segments, rays, circles, polygons, and polyhedra. Each primitive has a precise mathematical

definition, but in computational settings it must also be represented in a way that is suitable for
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algorithmic manipulation. For instance, a point in the plane is typically represented by a pair of

real numbers (x,y)(X, y)(X,y), while a line segment can be described by its two endpoints.

Algorithms in computational geometry are constructed by combining these primitives through a
set of well-defined geometric operations. Common operations include distance computation, angle
measurement, orientation testing, intersection detection, and containment testing. Although these
operations appear simple, their correct and efficient implementation is critical, as even small

numerical errors can propagate and lead to incorrect algorithmic behavior.

One of the most fundamental operations is the orientation test, which determines the relative
orientation of three points in the plane. Given points ppp, qqq, and rrr, the orientation test identifies
whether the sequence (p,q,r)(p, g, 1)(p,q,r) forms a left turn, a right turn, or if the points are
collinear. This test is typically implemented using the sign of a determinant and serves as the
backbone of many geometric algorithms. Convex hull algorithms, polygon triangulation, line
segment intersection tests, and point-in-polygon queries all rely heavily on orientation tests for

their correctness.

Another essential concept is distance measurement. The most commonly used distance measure is
the Euclidean distance, which reflects straight-line distance in geometric space. However,
alternative metrics are often more suitable for specific applications. For example, the Manhattan
(or L1IL 1L1) distance is widely used in grid-based path planning and urban modeling, while the
Chebyshev distance appears in certain optimization and image processing tasks. The choice of
distance metric can significantly influence both algorithm design and computational efficiency.

Geometric problems are also classified based on several structural characteristics. One important
criterion is input size, which refers to the number of geometric objects involved. Another key
factor is dimension; while many classical problems are formulated in two or three dimensions,
modern applications often involve high-dimensional spaces. As dimensionality increases, many
algorithms suffer from exponential growth in complexity, making problem classification an

important step in algorithm selection.
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Problems can further be categorized as static or dynamic. In static problems, the input set of
geometric objects remains fixed throughout computation. In contrast, dynamic problems allow
objects to be inserted or deleted, requiring data structures that can efficiently maintain geometric
relationships over time. Examples of dynamic problems include maintaining a set of points under

nearest-neighbor queries or updating spatial indexes in geographic databases.

Another common distinction is between offline and online problems. In offline problems, the
complete input is known in advance, allowing preprocessing and global optimization. Online
problems, however, require the algorithm to make decisions as input arrives incrementally, often
without knowledge of future data. Online geometric algorithms are especially relevant in real-time

systems such as robotics, sensor networks, and streaming data applications.

Computational geometry also makes a clear distinction between exact and approximate algorithms.
Exact algorithms aim to produce mathematically precise results and are often used in applications
where correctness is critical, such as computer-aided design and engineering simulations.
However, exact computation with real numbers can lead to numerical instability due to floating-
point round-off errors. Approximate algorithms address this issue by allowing controlled errors in
exchange for improved speed and robustness. Such algorithms are commonly employed in
computer graphics, visualization, and large-scale data analysis, where slight inaccuracies are

acceptable.

Overall, these fundamental concepts provide the theoretical and practical foundation of
computational geometry. A clear understanding of primitives, operations, problem classifications,

and algorithmic trade-offs is essential for designing efficient and reliable geometric algorithms.

3. CLASSICAL GEOMETRIC ALGORITHMS

Classical geometric algorithms form the backbone of computational geometry. These algorithms
were developed to solve fundamental geometric problems efficiently and have influenced many
modern methods. Despite their age, they remain relevant because they are simple, well-understood,

and often serve as subroutines in more advanced algorithms.
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3.1 Convex Hull Algorithms

The convex hull of a finite set of points in the plane is defined as the smallest convex polygon that
encloses all the given points. Intuitively, it can be visualized as the shape formed by stretching a
rubber band around the outermost points. Due to its clear geometric interpretation and broad
applicability, the convex hull problem is one of the most extensively studied problems in

computational geometry.

Several algorithms have been proposed for computing convex hulls. Among the most commonly
used is Graham’s scan, which follows a simple and systematic approach. The algorithm begins by
selecting a reference point, usually the point with the lowest y-coordinate. All other points are then
sorted based on the polar angle they make with this reference point. After sorting, the algorithm
processes the points sequentially using a stack. At each step, it checks whether the current point
forms a left turn with the top two points on the stack. If not, points are removed from the stack
until convexity is restored. The final stack represents the vertices of the convex hull in
counterclockwise order. The overall time complexity of Graham’s scan is O(n log n), dominated

by the sorting step.

Another well-known method is Jarvis march, also referred to as the gift wrapping algorithm. This
algorithm constructs the convex hull by starting from the leftmost point and repeatedly selecting
the point that forms the smallest angle with the previous hull edge. The process continues until the
algorithm returns to the starting point. Jarvis march has a time complexity of O(nh), where h is the
number of points on the convex hull. While its worst-case performance is inferior to Graham’s

scan, it can be efficient when the hull size is small compared to the total number of points.

The divide-and-conquer approach offers another strategy for convex hull computation. In this
method, the point set is divided into smaller subsets, convex hulls are computed recursively for
each subset, and the partial hulls are then merged to form the final hull. This approach also achieves

a time complexity of O(n log n) and is conceptually similar to merge sort.
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Convex hulls have numerous applications, including collision detection, image processing, pattern
recognition, and shape analysis. They also serve as an important building block for more complex
geometric structures, such as Voronoi diagrams and Delaunay triangulations, making them central

to computational geometry.

3.2 Line Segment Intersection

The line segment intersection problem involves determining whether any pairs of line segments in
a given set intersect, and if so, identifying the intersection points. This problem is particularly
important in applications such as map overlay in geographic information systems, hidden surface

removal in computer graphics, and layout verification in circuit design.

A straightforward approach checks all possible pairs of line segments for intersection. Although
easy to implement, this naive method has a time complexity of O(n”2), which becomes impractical
for large datasets. To overcome this limitation, more efficient algorithms based on the sweep line

technique have been developed.

In the sweep line algorithm, an imaginary vertical line is swept across the plane from left to right.
Events are generated for segment endpoints and potential intersection points, and these events are
processed in sorted order. A dynamic data structure, often a balanced binary search tree, is used to
maintain the set of active segments intersecting the sweep line. By checking intersections only
between neighboring segments in this structure, the algorithm reduces unnecessary computations.
The overall time complexity is O((n + k) log n), where k denotes the number of actual intersections.
Although the sweep line method is conceptually elegant, its practical implementation can be
challenging. Issues related to floating-point precision, degenerate cases such as overlapping

segments, and event ordering must be handled carefully to ensure correctness.

3.3 Polygon Triangulation
Polygon triangulation is the process of decomposing a polygon into a set of non-overlapping
triangles whose union is exactly the original polygon. Importantly, triangulation does not introduce

new vertices; it only adds diagonals between existing vertices. This problem is fundamental in
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computational geometry and plays a crucial role in computer graphics, mesh generation, and

numerical simulations.

For simple polygons without holes, it has been shown that triangulation is always possible. Early
algorithms achieved triangulation in O(n log n) time, while more advanced methods can perform
the task in linear time. However, these linear-time algorithms are complex and difficult to

implement, so simpler approaches are often preferred in practice.

One commonly used practical method is based on identifying ears of a polygon. An ear is a triangle
formed by three consecutive vertices such that the triangle lies entirely inside the polygon and
contains no other vertices in its interior. By repeatedly removing ears, the polygon can be

triangulated in a systematic manner.

Triangulation simplifies many geometric computations by reducing complex polygons to
collections of triangles, which are easier to process and render. Modern graphics hardware is
optimized for triangle-based rendering, making triangulation essential for efficient visualization

of complex shapes.

4. GEOMETRIC DATA STRUCTURES

Efficient geometric algorithms often rely on specialized geometric data structures that are designed
to store spatial information and support fast geometric queries. Unlike general-purpose data
structures, geometric data structures exploit the spatial properties of the data to reduce
computational complexity. They play a crucial role in handling large geometric datasets where

brute-force approaches would be infeasible.

Geometric data structures are mainly used to answer queries such as range searching, nearest
neighbor searching, and spatial subdivision. The performance of these structures depends heavily
on factors such as data distribution, dimensionality, and whether the dataset is static or dynamic.
Designing data structures that balance query efficiency, update cost, and memory usage remains

an important challenge in computational geometry.
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4.1 Range Searching Structures

Range searching problems involve reporting or counting all geometric objects that lie within a
specified query range. Typical query ranges include axis-aligned rectangles, circles, or more
general polygons. These problems appear frequently in spatial databases, geographic information

systems, and computer graphics.

One of the most commonly used structures for range searching is the k-d tree. A k-d tree
recursively partitions space by alternating between coordinate axes at each level of the tree. Each
node represents a splitting hyperplane, and the data points are distributed among the resulting
subregions. K-d trees are relatively simple to implement and perform well for low to moderate
dimensions. On average, range queries can be answered in sublinear time. However, as the
dimensionality increases, the effectiveness of k-d trees decreases significantly, a limitation often

referred to as the curse of dimensionality.

Another important structure is the range tree, which is a balanced tree that allows efficient
orthogonal range queries. Range trees can answer queries in logarithmic time per reported point,
but they require higher memory usage compared to k-d trees. Due to their complexity, range trees

are mainly used in theoretical studies or applications where query speed is critical.

Quadtrees provide an alternative approach by recursively subdividing space into four equal
regions in two dimensions. They are particularly useful for spatial indexing, image representation,
and adaptive mesh refinement. Quadtrees are well suited for non-uniform data distributions, as

regions with dense data can be subdivided further while sparse regions remain coarse.

4.2 Nearest Neighbor Search

Nearest neighbor search aims to find the point in a dataset that is closest to a given query point
according to a chosen distance metric. This problem is fundamental in clustering, pattern
recognition, computer vision, and machine learning. In low-dimensional spaces, exact nearest
neighbor queries can be efficiently supported using structures such as k-d trees and Voronoi

diagrams.
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As dimensionality increases, exact nearest neighbor search becomes computationally expensive.
In such cases, approximate nearest neighbor methods are often preferred. These methods return
points that are close to the query point, but not necessarily the exact nearest one. The trade-off
between accuracy and speed makes approximate methods attractive for large-scale and real-time

applications.

Spatial hashing is a simple and effective technique that maps points to grid cells using hash
functions. Queries are answered by examining nearby cells, which significantly reduces search
time. Another widely used technique is locality-sensitive hashing (LSH), which hashes points in
such a way that nearby points are more likely to collide in the same bucket. LSH has been
successfully applied in high-dimensional similarity search problems, including image retrieval and

document clustering.

4.3 Voronoi Diagrams and Delaunay Triangulation

Voronoi diagrams partition space into regions based on proximity to a given set of sites. Each
region contains all points that are closer to one site than to any other. Voronoi diagrams provide a
natural way to model influence zones and proximity relationships and have strong theoretical

properties.

The Delaunay triangulation is the dual graph of the Voronoi diagram. It connects points whose
Voronoi regions share a common boundary. One of the key properties of Delaunay triangulation
is that it maximizes the minimum angle of all triangles, which helps avoid long and skinny
triangles. This property is particularly desirable in mesh generation and numerical simulations.

Voronoi diagrams and Delaunay triangulations are widely used in terrain modeling, interpolation,
wireless network design, and geographic analysis. For planar point sets, both structures can be
constructed efficiently in O(n log n) time using algorithms such as divide-and-conquer or sweep
line methods. Despite their mathematical elegance, implementing these structures robustly

requires careful handling of degenerate cases and numerical precision.
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Table 1: Common Geometric Problems and Typical Algorithms

Problem Typical Algorithm | Time Complexity Applications
Convex Hull Graham Scan O(n log n) Shape analysis, graphics
Segment Intersection Sweep Line O((ntk) log n) GIS, CAD
Nearest Neighbor k-d Tree O(log n) avg. Pattern recognition
Range Searching Range Tree O(log"d n) Spatial databases

5. APPLICATIONS OF COMPUTATIONAL GEOMETRY

Computational geometry has found applications in many scientific and engineering domains. In
computer graphics, geometric algorithms are used for rendering, modeling, and animation.
Operations such as visibility testing, shading, and mesh simplification rely heavily on geometric

computations.

In robotics, path planning and motion planning problems are modeled using geometric
representations of the environment. Algorithms compute collision-free paths by reasoning about

configuration spaces, which are often high-dimensional geometric spaces.

Geographic information systems make extensive use of computational geometry for map
processing, spatial queries, and terrain modeling. Efficient handling of large spatial datasets is

critical in urban planning and environmental studies.

Another growing application area is data analysis and machine learning. High-dimensional
geometric methods are used for clustering, classification, and dimensionality reduction. Although
these problems are not always viewed as geometric, many underlying algorithms are based on

distance computations and spatial partitioning.
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6. RECENT TRENDS AND CHALLENGES

One major trend in computational geometry is the focus on high-dimensional data. Traditional
geometric algorithms often perform poorly as dimensionality increases. Researchers are
developing new approaches that combine geometry with probabilistic and learning-based methods.
Another challenge is robustness. Real-world data is noisy and imprecise, which can cause exact
geometric algorithms to fail. Robust geometric computing aims to design algorithms that handle

numerical errors gracefully. This remains an active research area.

Parallel and distributed computational geometry is also gaining importance due to the availability
of multi-core processors and large-scale data. Adapting classical algorithms to parallel

architectures is not straightforward and requires careful redesign.

7. CONCLUSION

Computational geometry plays a vital role in modern computational systems by providing efficient
algorithms for solving geometric problems. This paper has reviewed the fundamental concepts,
classical algorithms, data structures, and applications of computational geometry. Despite
significant progress over the years, the field continues to face challenges related to high-
dimensional data, robustness, and scalability. Future research is likely to focus on integrating
geometric methods with machine learning and exploiting parallel computing platforms. Overall,
computational geometry remains a dynamic and essential area of research with strong theoretical

foundations and practical relevance.
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