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Abstract
Fractional-order calculus (FOC) has emerged as a powerful mathematical
framework for modeling, analysis, and control of electrical circuits that
exhibit memory and hereditary properties. Unlike conventional integer-order
models, fractional-order models can accurately capture complex dynamics in
resistive, capacitive, and inductive elements, especially in lossy, dispersive, or
bioelectrical systems. This paper reviews circuit modeling using fractional-
order calculus, highlighting theoretical foundations, design methodologies,
simulation techniques, and applications in analog filters, control circuits, and
bioelectronic devices. Tables summarize typical fractional-order elements and
their characteristics, while a 2D block diagram illustrates a generalized
fractional-order circuit modeling approach. Challenges, such as numerical
implementation and stability analysis, are discussed, alongside future
research directions.
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1. Introduction
Fractional-order calculus generalizes classical integer-order derivatives and integrals to non-
integer orders, providing enhanced modeling capabilities for systems with memory and
hereditary behavior. In electrical engineering, traditional RLC circuits assume ideal
components, which may fail to accurately represent real-world phenomena such as dielectric
losses, anomalous diffusion, or electrode-electrolyte interactions. Fractional-order circuit
models introduce fractional capacitors (C^α) and fractional inductors (L^α) that can better
replicate frequency-dependent impedance and damping effects.
Applications include fractional-order filters, robust control circuits, impedance modeling of
biological tissues, and energy storage systems. FOC provides a flexible, accurate, and
compact modeling methodology for complex circuit behavior.

2. Background: Principles of Fractional-Order Circuit Modeling
2.1 Fractional-Order Elements

 Fractional Capacitor (C^α): Generalizes standard capacitor, impedance Z_C = 1/(C
s^α), 0 < α ≤ 1

 Fractional Inductor (L^β): Generalizes standard inductor, impedance Z_L = L s^β,
0 < β ≤ 1

 Fractional Resistor (R^γ): Generalized resistive elements modeling frequency-
dependent resistance

2.2 Advantages Over Integer-Order Models

Feature Fractional-Order Circuit Integer-Order Circuit

Memory Effects Captures past system behavior No inherent memory

Frequency
Response

Flexible fractional slope Fixed 20 dB/decade per order

Damping Control Continuous tuning via α, β Discrete damping via components

Accuracy High in dispersive systems
Limited accuracy in real-world

materials

Applications
Bioimpedance, filters, energy

storage
Conventional circuits
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3. Mathematical Formulation
 Caputo derivative for circuit modeling:
 Dαf(t)=1Γ(n−α)∫0tf(n)(τ)(t−τ)α+1−ndτD^\alpha f(t) = \frac{1}{\Gamma(n-\alpha)}

\int_0^t \frac{f^{(n)}(\tau)}{(t-\tau)^{\alpha+1-n}}
d\tauDαf(t)=Γ(n−α)1​∫0t​(t−τ)α+1−nf(n)(τ)​dτ

 where n−1<α<nn-1 < \alpha < nn−1<α<n, Γ(⋅)\Gamma(\cdot)Γ(⋅) is the gamma
function.

 Fractional-order impedance of series R-C^α circuit:
 Z(s)=R+1Csα,0<α≤1Z(s) = R + \frac{1}{C s^\alpha}, \quad 0 < \alpha \le

1Z(s)=R+Csα1​,0<α≤1
 Frequency-domain analysis allows modeling of power-law behavior in real

components.

4. Circuit Architectures Using FOC
4.1 Fractional-Order RC and RL Circuits

 Generalized RC^α and RL^α circuits replicate non-ideal dielectric or magnetic losses
 Widely used in bioimpedance, dielectric spectroscopy, and energy storage analysis

4.2 Fractional-Order Filters
 Low-pass, high-pass, and band-pass filters with fractional orders
 Continuous tunable frequency response via α and β parameters

4.3 Fractional-Order Control Circuits
 PI^λD^μ controllers for precise control with fractional integrals/derivatives
 Improved robustness and stability margins in analog and digital control circuits

4.4 Conceptual 2D Block Diagram
+----------------+ +----------------+ +----------------+
| Circuit Input | ---> | Fractional- | ---> | Output / |

| Signal Vin | | Order Elements | | Processed Vout |
| (Voltage/Current) | | (C^α, L^β, R^γ)| +----------------+

+----------------+ +----------------+ |
| | |

v v v
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+----------------+ +----------------+ +----------------+
| Numerical / | | Simulation / | | Application |
| Analytical | | Modeling Tools | | (Filter / Ctrl)|

| Formulation | | (MATLAB, FOMCON)| +----------------+
+----------------+ +----------------+

5. Implementation Techniques
 Numerical Approximation Methods: Grünwald-Letnikov, Caputo, or Riemann-

Liouville methods for discrete-time simulation
 Analog Realization: Cascaded RC ladders to emulate fractional-order impedance
 Digital Fractional Calculus: Using microcontrollers or FPGAs for implementing

fractional-order operators
 Parameter Tuning: Adjust α, β, and γ to fit experimental data or design

specifications

6. Applications
6.1 Analog Filters

 Precise slope control for low-pass or high-pass filters
 Improved attenuation and phase characteristics compared to integer-order designs

6.2 Control Systems
 Fractional PI^λD^μ controllers for motors, robotics, and automation
 Enhanced robustness, stability, and transient response

6.3 Bioelectrical Circuits
 Modeling of tissue impedance in ECG, EEG, and EIS
 Captures dispersive behavior in dielectric media

6.4 Energy Storage and Supercapacitors
 Accurate modeling of charge/discharge dynamics
 Fractional elements describe non-ideal capacitive behavior
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7. Performance Metrics

Metric
Fractional-Order

Circuit
Comment

Impedance Flexibility Continuous via α, β
Precise control over frequency

response

Memory Effect Present Models hereditary system behavior

Accuracy High in dispersive media
Better than integer-order

approximations

Implementation
Complexity

Moderate to High Depends on analog/digital realization

Stability Margin Adjustable Improved with PI^λD^μ controllers

8. Challenges
1. Numerical Complexity: Accurate simulation requires fractional derivative

approximations
2. Analog Realization: Cascaded RC ladders can be bulky for low α values
3. Stability Analysis: Fractional systems require advanced methods for control

applications
4. Parameter Identification: Determining α, β, γ from experimental data can be

nontrivial
5. Hardware Constraints: Digital realization requires high-resolution ADC/DAC

9. Future Trends
 Development of compact fractional-order elements with MEMS/NEMS technologies
 Fractional-order analog and digital ICs for precise filtering and control
 AI-assisted parameter identification for adaptive fractional-order circuits
 Applications in energy storage, bioelectronics, and biomedical sensors
 Hybrid fractional-integer order modeling for large-scale integrated circuits
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10. Conclusion
Fractional-order calculus provides a powerful tool for circuit modeling, enabling accurate
representation of memory effects, dispersive dynamics, and non-ideal behaviors in electrical
systems. Fractional-order elements, filters, and control circuits improve performance in
analog filtering, control systems, bioelectronics, and energy storage. While implementation
challenges remain, advances in numerical methods, analog/digital realization, and adaptive
control are making FOC increasingly practical and essential for modern circuit design.

Tables & Figures Summary
 Table 1: Comparison of fractional-order vs integer-order circuit characteristics
 Table 2: Performance metrics for fractional-order circuit designs
 Figure 1 (ASCII): Conceptual block diagram for fractional-order circuit modeling
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